We use more than 10 years of the Martian topside ionospheric data measured by the Mars Advanced Radar for Subsurface and Ionosphere Sounding radar sounder on board the Mars Express spacecraft to derive an empirical model of electron densities from the peak altitude up to 325 km. Altogether, 16,044 electron density profiles obtained at spacecraft altitudes lower than 425 km and at solar zenith angles lower than 80
Introduction
There is a significant and ever growing amount of electron density data from the Martian dayside ionosphere. Three principally different methods of measurements are used. First, radio occultation experiments can be used to derive electron density profiles, that is, electron densities as a function of the altitude, spanning the altitudes both below and above the peak altitude. These were performed using the Mariner 9 spacecraft (Kliore et al., 1972a (Kliore et al., , 1972b Withers, Weiner, et al., 2015) , Mars Global Surveyor spacecraft (Hinson et al., The second possible type of measurements is direct in situ measurements of electron/ion densities. Historically, a couple of such profiles was obtained by Viking 1 and 2 landers (Hanson & Zuccaro, 1977) . Local electron densities can be also evaluated from the plasma oscillation excited during Mars Advanced Radar for Subsurface and Ionosphere Sounding (MARSIS) radar sounding on board the Mars Express spacecraft (Duru et al., 2008) . Finally, the MAVEN spacecraft recently provides both local neutral and ion and electron density measurements. Importantly, the in situ electron density measurements can be accompanied by local measurements of other relevant quantities (temperature, plasma composition, and magnetic field), which may facilitate their interpretation. On the other hand, the altitudinal coverage is intrinsically limited by the spacecraft orbit, so that altitudes below the spacecraft periapsis are never sampled. Additionally, considering that the spacecraft never moves vertically down/up, it is principally impossible to obtain electron density profiles-the position of the spacecraft will change along with the spacecraft altitude.
The last possible option for measuring ionospheric electron densities is the usage of a radar sounding. In case of Mars, such measurements were performed by the MARSIS instrument on board the Mars Express spacecraft, which allowed for a topside ionospheric sounding (Gurnett et al., 2005) . This provides us with electron density profiles spanning from the spacecraft altitude down to the altitude of the peak electron density. Although the interpretation of electron densities measured in this way is not entirely straightforward , they represent arguably the most favorable data set for the specification of global morphologies (Mendillo et al., 2013) . Note, however, that only electron densities at altitudes above the peak altitude can be measured by the topside ionospheric sounding.
When attempting to characterize ionospheric electron densities, one can try to numerically simulate the entire system (Chaufray et al., 2014; Gonzalez-Galindo et al., 2013; Matta et al., 2015) . Alternatively, one may try to benefit from the large electron density data set and basic understanding of processes involved in the ionospheric formation to construct empirical models which fit the observations with a reasonable precision. In the photochemically controlled region close to the peak altitude, where the plasma transport is negligible (Mendillo et al., 2017a; Withers, 2009) , such models typically make use of a classical Chapman, (1931a Chapman, ( , 1931b ) theory, which is found to perform surprisingly well (Gurnett et al., 2005 Morgan et al., 2008; Vogt et al., 2017) . This was used by Mendillo et al. (2013) , along with nearly 113,000 peak electron density values obtained by the MARSIS instrument between 2005 and 2012, to develop a model of peak electron densities characterized by the solar zenith angle (SZA), orbital distance, and F10.7 index as a proxy for the solar ionizing flux. The analysis was later extended by Mendillo et al. (2018) to incorporate as many as 215,818 peak electron density values from the years . Sánchez-Cano et al. (2013 used the same parametrization and a combined data set of 1,200 MARSIS radar sounding profiles and 500 Mars Global Surveyor occultation profiles to construct a model of electron densities describing not only the main M2 ionospheric layer but also the lower M1 layer (Fallows et al., 2015a (Fallows et al., , 2015b Fox & Weber, 2012; Fox & Yeager, 2009) . Němec et al. (2011) used 30,283 MARSIS radar sounding profiles and almost 200,000 local electron density measurements to develop an empirical model of electron densities above the peak altitude, which assumes a Chapman dependence at altitudes below about 200 km (photochemically controlled region) and smoothly transits to an exponential dependence at altitudes above about 325 km (diffusion-controlled region). The model performance at altitudes higher than about 200 km was later improved by incorporating dependences on crustal magnetic field magnitude and solar ionizing flux (Němec, Morgan, Gurnett, & Andrews, 2016) .
The ionosphere of Mars is known to exhibit periodicities related to the solar rotation (Nielsen et al., 2006; Rao et al., 2014) , and its variability as a function of the solar cycle was also reported (Sánchez-Cano et al., 2015; Withers, Vogt, et al., 2015) . Crustal magnetic fields can also influence the electron densities, in particular at high altitudes (Andrews et al., 2014; Němec, Morgan, Gurnett, & Andrews, 2016) . In this regard, it may often prove useful and sufficient to analyze total electron content of the ionosphere in place of electron density profiles (Dubinin et al., 2016; Mendillo et al., 2017b) , which may be at times easier to evaluate (Safaeinili et al., 2007) . Empirical models of total electron content as a function of relevant controlling parameters were subsequently developed (Mendillo et al., 2017a) and validated .
We use the MARSIS radar sounding data to derive a new formulation of an empirical electron density model at the Martian dayside ionosphere. Making use of a "shape function," each electron density profile is accurately characterized by only five parameters. This allows for a fast convenient calculation of an average electron density profile under given conditions, which can be, among others, used to identify exceptional events and to analyze the influence of parameters unaccounted for in the model by removing the main systematic trends. The model is further validated by electron densities measured in situ both by the MARSIS instrument and by the Langmuir Probe and Waves (LPW) instrument on board the MAVEN spacecraft. The used data sets are described in section 2. A way to accurately characterize topside ionospheric electron density profiles is described in section 3. Section 4 demonstrates that the F10.7 index can be used as a reasonable proxy for the solar ionizing flux. A simple empirical model of the dayside ionosphere is then formulated in section 5, and section 6 demonstrates its performance using independent data sets. The obtained results are discussed in section 7, and they are briefly summarized in section 8.
Data Set
The MARSIS radar sounder in the ionospheric sounding mode uses 160 quasi-logarithmically spaced frequencies from 0.1 to 5.5 MHz (Δf∕f ≈ 0.02). The reflections of the sounding signal from the ionosphere are recorded in 80 equally spaced time delay bins over an interval of 7.31 ms. A detailed description of the MARSIS instrument was given by Jordan et al. (2009 ), Orosei et al. (2015 , and Picardi et al. (2004) . The measured intensities of detected echoes as a function of the sounding frequencies f and time delays Δt are then digitized to obtain the Δt(f) dependences . These can be "inverted" to obtain electron density profiles from the spacecraft altitude down to the peak altitude using standardized inversion techniques .
A principal problem that one has to deal with when performing the inversion is the low power of the sounding signal at low sounding frequencies, which generally prevents the detection of electron densities lower than about 10 4 cm −3 (Němec et al., 2010) . Consequently, an empirical electron density profile shape between the spacecraft altitude (where the electron density can be evaluated from local plasma oscillations, see, e.g., Duru et al., 2008) and the altitude corresponding to the lowest electron density detectable by the ionospheric sounding (typically about 200-220 km) has to be assumed. This necessarily introduces an ambiguity in the inversion process, and different electron density profiles are obtained depending on the profile shape assumed in the density region unaccessible by the ionospheric sounding. This issue was considered in detail by , who derived an improved trace inversion method based on realistic electron density profile shapes in the data gap region. These profile shapes incorporate a change of the profile slopes related to the transition between the photochemical and diffusion regions, and they smoothly connect the locally evaluated plasma number density and higher densities at lower altitudes in such a way that the measured time delay at the lowest detectable sounding frequency is matched. This improved trace inversion routine, along with the values of appropriate parameters and ionospheric quality trace selection criteria derived by Němec et al. (2017) , will be used in the present analysis. Considering that electron density profiles are available up to the spacecraft altitude, we further use only the electron density profiles obtained at spacecraft altitudes higher than 325 km, ensuring that the altitudes from the peak altitude up to 325 km are covered. Additionally, in order to minimize the altitudinal region where the radar sounding data are not available and the derived profile has to rely on an empirical shape, only the data measured at spacecraft altitudes lower than 425 km are used in the present study. Altogether, 16,044 MARSIS electron density profiles measured between August 2005 and October 2015 at SZAs lower than 80
• are included in the analysis.
We note that although the determination of the exact altitudes may be rather challenging due to the aforementioned uncertainty of the electron density profile shape in the data gap region, the shapes of electron density profiles at higher electron densities (lower altitudes) are mostly unaffected by these minor tweaks, and they represent a rather robust data product. Similarly, the peak electron densities obtained by the MAR-SIS instrument are in principle directly measured (as the maximum sounding frequency yet reflected by the ionosphere). In this regard, one should be, however, aware of the discrete sounding frequency steps of the instrument, which result in the very ends of the ionospheric traces not observed by MARSIS. Although this is partly suppressed by a requirement of the time delay at the maximum frequency of the ionospheric trace Electron density at the spacecraft location is evaluated from the locally excited plasma oscillations. The electron density profile from the spacecraft altitude down to the peak altitude is obtained from the ionospheric sounding. However, due to the low power emitted at low sounding frequencies, only the blue part of the profile was obtained from the ionospheric trace; the green-dashed part of the profile corresponds to the assumed empirical electron density profile shape (Němec et al., 2017) . The horizontal-dashed line at the altitude of 325 km corresponds to the upper altitude threshold considered in the present study. The vertical-dashed line at an electron density of about 10 4 cm −3 shows the detection threshold of the ionospheric sounding for this particular profile. The very end of the ionospheric profile at largest electron densities shown by the red curve was obtained by an extrapolation assuming the Chapman profile shape.
to be larger than the time delay at the sounding frequency just below (Němec et al., 2017) , the parts of the electron density profiles in the very vicinity of the ionospheric peak are still missing. Considering the relative sounding frequency steps Δf∕f ≈ 0.02, along with the frequency bandwidths of the sounding pulse and the reception channel, we can estimate that the peak frequencies are on average underestimated by less than about 1%. As the electron density is proportional to the square of the plasma frequency, this translates to the underestimation of the peak electron densities by less than about 2%. Analogically, depending on the exact shape of the electron density profile, this also necessarily leads to overestimating the peak altitudes, as the very ends of the electron density profiles close to the peak altitude are not detected by MARSIS. We account for this issue by considering Chapman fits to the very ends of the electron density profiles and using them to effectively extrapolate the profiles down to the peak altitude.
An example of an electron density profile evaluated using an ionospheric trace measured by the MARSIS instrument is shown in Figure 1 . (Duru et al., 2008) . Then, electron densities N at altitudes h spanning from the spacecraft altitude h sat down to the altitude h m of the peak electron density are in principle obtained from the radar sounding. However, due to the detection threshold of the ionospheric sounding of about 10 4 cm −3 (marked by the vertical-dashed line), the upper part of the ionospheric profile shown by the green-dashed curve is not obtained from the sounding itself, but it rather relies on the aforementioned empirical profile shape. Only the higher density part of the profile, shown by the blue color, is obtained from the ionospheric sounding. We note, however, that due to the trace inversion procedure, the exact shape of this part of the profile still depends to some extent on the profile shape at higher altitudes . The very end of the profile in Figure 1 shown by the red curve was obtained from the extrapolation down to the peak altitude assuming the Chapman profile shape. Most importantly, this extrapolation ensures that dN∕dh(h m ) = 0.
Statistical dependences of electron densities derived using the MARSIS radar sounding data will be compared to electron densities locally evaluated from electron plasma oscillations excited by the MARSIS sounding (Andrews et al., 2013; Andrews, Edberg, et al., 2015; Duru et al., 2008 Duru et al., , 2010 . These represent arguably the most precise electron density measurements, with an accuracy of about ±2% (Duru et al., 2008) , but their altitudinal coverage is limited by the periapsis altitude of the Mars Express orbit to altitudes higher than about 275 km. Further, these measurements cannot be performed in regions with high plasma velocities (solar wind and magnetosheath), because the excited wave packet is swept away by the plasma flow (Duru et al., 2008) . This may impose a high-altitude limit on the measurements, which, however, does not affect our study limited to low altitudes. Altogether, more than 13,000 electron densities at SZAs lower than 80
• locally evaluated based on MARSIS measurements will be used for the comparison.
The statistical dependences obtained from the radar sounding will be further compared with electron densities measured in situ by the LPW instrument onboard the MAVEN spacecraft, whose periapsis altitude is about 150 km (and as low as 125 km during "deep dip" campaigns; Jakosky et al., 2015) . The LPW instrument consists of two independent Langmuir probes which measure the current-voltage (I-V) dependence, one after the other in time. Electron densities are obtained by fitting the I-V curves. As the surface properties of the two probes are slightly different, the electron densities obtained from the two probes exhibit minor differences. In order not to be distracted by this, only the data from boom 1 are used in the present study, as recommended by the LPW instrument team. A more detailed description of the LPW instrument was given by Andersson et al. (2015) . Altogether, more than 400,000 LPW electron density measurements at altitudes lower than 325 km and at SZAs lower than 80
• obtained between
October 2014 and January 2017 will be used for the comparison. Note that while more in situ electron density measurements are available at higher altitudes, we limit our analysis only to altitudes lower than 325 km, which are adequately covered by the radar sounding. Electron densities at higher altitudes are known to exhibit significant turbulence-like fluctuations Gurnett et al., 2010) , and, moreover, their average dependence can be conveniently described by a simple exponential (Andrews, Edberg, et al., 2015; Duru et al., 2008; Němec et al., 2011) .
Finally, electron density profiles obtained by radio occultation measurements at SZAs lower than 80
• will be used for comparison. Altogether, 4,100 such electron density profiles obtained by Mars Global Surveyor (4,034), Mars Express (7), and MAVEN (59) spacecraft were used. This represents more than 300,000 electron density data points obtained at altitudes lower than 325 km with relative errors lower than 20%. Unfortunately, their vast majority (≈98%) was measured in a narrow SZA interval between about 70
• and 80
• .
Profile Characterization
Following Nsumei et al. (2012), we describe each of the measured electron density profiles by the peak electron density N m , peak altitude h m , and shape function S(h):
where
Knowing the electron density profile N(h), it is possible to solve for the corresponding shape function S(h) (Nsumei et al., 2012) . This shape function, along with the peak altitude and density, fully describes the electron density profile. Thus, instead of trying to describe electron density profiles themselves, we will rather focus on describing the appropriate shape functions. This allows for a convenient mathematical description of the smooth transition from a Chapman profile shape to a different profile slope (Reinisch et al., 2004 Triskova et al., 2007) . The idea is demonstrated in Figure 2 . It shows the shape function S(h) corresponding to the example electron density profile from Figure 1 by the black curve. The value of the shape function at the peak altitude is by definition equal to 1, in order to obtain N(h m ) = N m according to equation (1). At higher altitudes, the shape function monotonically increases. Its typical shape corresponding to the transition between the photochemically dominated Chapman region at low altitudes and the transport-dominated region at higher altitudes (Němec et al., 2011) can be conveniently described as a combination of two functions (Nsumei et al., 2012) :
where S 1 (h) and S 2 (h) are the blue dotted and dashed curves from Figure 2 , respectively. These can be described by the following analytical functions (Nsumei et al., 2012) :
where z = h∕h m , corresponds to the main layer thickness (larger values of correspond to thicker main layers), corresponds to the steepness of the electron density profile (smaller values of correspond to steeper electron density profiles), and c 1 and c 2 are constants to be determined from boundary conditions. The values of coefficients c 1 and c 2 are determined in such a way that (i) S(h m ) = 1 and (ii)
where h T is a "transition altitude" parameter, corresponding to the altitude where the two blue curves from Figure 2 intersect. In this regard, the main layer thickness parameter is roughly proportional to the neutral scale height close to the peak altitude, and the steepness coefficient is roughly inversely proportional to the diffusion scale height at high altitudes, that is, at altitudes higher than approximately the transition altitude h T .
For each electron density profile, the peak electron density N m , the peak altitude h m , and the shape function S(h) are evaluated. The best fit parameters , , and h T corresponding to a given shape function are then found. Consequently, each of the electron density profiles measured by MARSIS can be described by only five parameters (peak altitude and density and the three aforementioned parameters used to fit the shape function). In turn, the electron density profile corresponding to these parameters can be rather straightforwardly reconstructed, as the form adopted for S(h) allows the equation (2) to be analytically integrated (Nsumei et al., 2012) . The resulting Y(h) is then introduced, along with the evaluated value of the shape function S(h) and peak electron density N m , into equation (1) to obtain the electron density N(h) at an altitude h.
The performance of the used approach on the example electron density profile from Figure 1 is demonstrated in Figure 3 . The black curve in Figure 3a shows the original electron density profile. The red curve shows the electron density profile evaluated using the five characteristic parameters, that is, peak electron density N m , peak altitude h m , steepness at high altitudes , main layer thickness , and transition altitude h T . For the example profile, the values of respective parameters are N m = 1.16×10 5 cm −3 , h m = 125.6 km, = 4.7, = 23.0 km, and h T = 206.9 km. It can be seen that the fitted red electron density profile corresponds very well the original black profile obtained from the MARSIS radar sounding. The differences between the red and black curves are investigated more in detail in Figure 3b , which shows the ratio between the observed and fitted electron densities as a function of the altitude. The vertical-dashed lines correspond to −5% deviation, exact match, and +5% deviation. The differences are typically with about 5%, with an exception of the spike at altitudes of about 170 km. Comparing with Figure 3a , it can be seen that the spike corresponds to the sharp nonsmooth profile feature at these altitudes. Considering that this feature is possibly not real but rather a trace selection/inversion artifact, and, moreover, taking into account that our main aim is to characterize global smooth electron density variations, the differences between the fit and model profiles are very minor. We note that at the peak altitude, the fitted and measured electron densities are by definition exactly equal.
Having demonstrated the performance of the profile characterization on the example profile, we verify its performance on all the 16,044 electron density profiles from our data set. The obtained results are shown in Figure 4 . It shows the obtained ratios between observed and fitted electron densities as a function of the altitude above the peak altitude. The total number of events in each altitude-density ratio bin is color coded according to the scale on the right-hand side. The measured electron density profiles were interpolated to a 1-km altitudinal resolution, and the model electron density profiles were evaluated at the very same altitudes. The scale used for the density ratio on the abscissa is logarithmic, principally corresponding to decibel. The bin size used for the density ratio used on the abscissa is 0.1 dB. The solid white nearly vertical curves correspond to 0.25 quartile, median, and 0.75 quartile. It can be seen that the fitted electron densities are within about 20% from the observed densities in the vast majority of events. We note that, similarly as in Figure 3 , the ratio between the observed and fitted electron densities at the peak altitude is equal to 1 by definition. We also note that the ratio between the observed and fitted electron densities at higher altitudes seems to exhibit a rather systematic variation, being typically lower than one at altitudes within about 40 km above the peak and being larger than one at altitudes between about 40 and 80 km above the peak. This is related to the empirical approximation used to fit the shape function, which exhibits small but systematic deviations from the real (data-derived) shapes. However, considering the large variation from profile to profile and, most importantly, the inaccuracies in characterizing the profile parameters discussed hereinafter, this simple and computationally very efficient approximation is well sufficient. Following Nsumei et al. (2012) , we calculate an average percentage error for each of the analyzed profiles, and we exclude the profiles with average fit errors larger than 20%, which are indicative of problematic trace inversions and/or shape function fits. This removes about 7% of the profiles and leaves us with 14,896 well-fitted profiles for further analysis.
Histograms of the fitted parameters , , and h T obtained for individual electron density profiles are shown in Figures 5a-5c , respectively. It can be seen that the distributions of all the three parameters are roughly symmetric and Gaussian-like, which is advantageous for their further characterization. In order to eliminate extreme and potentially problematic fits with extraordinary parameter values, we disregard electron density profiles with any of the fitted parameters in the lowest or highest 2.5%. The corresponding thresholds applied for individual fitted parameters are shown by the red vertical-dashed lines. The reason for this is that although these extreme values of fit parameters may result in technically good electron density profile fits in terms of the resulting chi-square, the parameters are far from their expected typical values. The profile behavior at the very ends of the fitted interval may be thus undesirable, and, moreover, the extreme values of the obtained parameters would complicate the envisaged further processing. Altogether, there were 13,262 electron density profiles (about 89%) with all the fit parameters within the allowed bounds. These profiles will be included in the further processing, with the aim to statistically characterize the dependences of the fit parameters on relevant controlling factors. Figure 5d demonstrates how the parameters , , and h T affect the resulting profile shape. We used a fixed peak altitude h m = 130 km, and we plotted the electron densities normalized by the peak electron density (N∕N m ) on the abscissa, which effectively eliminates the N m parameter. The individual profiles were obtained for different combinations of parameter values. The black profile was obtained for median parameter values, that is, = 4.9, = 23.3 km, and h T = 206.2 km. The red, green, and blue profiles were then obtained by varying the parameters , , and h T , respectively. The dashed profiles were obtained for 
F10.7 as a Proxy for Solar Ionizing Flux
In order to reasonably characterize peak electron densities in the Martian ionosphere, it is important to have a reliable way how to describe the incoming solar irradiance, which is ultimately responsible for the formation of the dayside ionosphere. Many former works have used the F10.7 index as a reasonable proxy. The main advantage of using F10.7 is that it is readily and continuously available. On the other hand, there are two important drawbacks that one should consider: (i) F10.7 values express the power of the solar radio flux, and its correlation with the power at short wavelengths responsible for the ionization has to be assumed, and (ii) F10.7 is measured at Earth, and its recalculation to the Mars location can be problematic. As for the different radial distance, one can take advantage of the radiation power decreasing with the square of the radial distance. However, for the azimuthal distance, the situation is more complicated. Due to the fact that Sun, Earth, and Mars are generally not aligned, the usage of F10.7 values measured at the time of interest necessarily results in the used values being measured at different azimuth with respect to the Sun. This was typically overcome by considering the solar rotation and F10.7 values measured at the correct Sun azimuth (i.e., the azimuth which is in line with Mars at a given time of interest), but at a time somewhat before or after . Girazian and Withers (2013) showed that the difference between the results obtained using the real measured solar irradiance and those obtained using the F10.7 proxy can be considerable.
The Extreme Ultraviolet (EUV) monitor instrument on board the MAVEN spacecraft (Eparvier et al., 2015) measurements are routinely used to derive model solar irradiance at Mars with a daily resolution in time and 1-nm resolution in wavelength (Thiemann et al., 2017) . We use this MAVEN Level-3 data product to estimate the total solar ionizing flux by summing the spectra over the wavelength range from 5 to 90 nm (Mendillo et al., 2017a) , and we investigate its relation with F10.7 index. The obtained results are shown in Figure 6 . The total solar ionizing flux derived from the MAVEN EUV data is plotted as a function of F10.7. Each data point corresponds to a single day, spanning from October 2014 to February 2018. Figure 6a was obtained by considering the F10.7 value at the day of the measurement accounting for the Sun-Mars distance. It can be seen that the two quantities correlate rather well (the value of the correlation coefficient is about 0.90), but the scatter around the linear dependence is rather large. Moreover, at high values of F10.7, the total solar irradiance based on MAVEN remains quite constant while F10.7 increases. Figure 6b was obtained by accounting for the solar rotation and using a weighted average of F10.7 measured at a correct solar azimuth just before and just after the time of interest. It can be seen that this procedure results in a significant improvement. Specifically, the scatter around the mean linear dependence is noticeably lower, and the correlation coefficient increases to about 0.96. At high F10.7 values (F10.7 ≿ 80 × 10 −22 W · m −2 · Hz −1 ), the total solar irradiance remains principally constant while F10.7 increases, roughly consistent with former results (Hantsch & Bauer, 1990; Withers, Morgan, et al., 2015) . We thus suggest to replace the F10.7 values larger than 80 × 10
We note, however, that the number of these data points is rather low. Overall, we can conclude that, despite the obvious drawbacks, F10.7 obtained by accounting for the solar rotation is on average a surprisingly good approximation for the total solar irradiance, and its usage for ionospheric empirical models is thus well justified.
Empirical Model Based on MARSIS Data
Having characterized each electron density profile by its peak electron density and altitude and the three additional shape parameters, an empirical model of electron densities can be constructed by describing the dependences of these parameters on relevant controlling factors. Given that the dependences of the peak electron density and altitude were already reported by several former studies (e.g., Mendillo et al., 2013; Němec et al., 2011; Sánchez-Cano et al., 2013) , we focus primarily on the shape parameters, which are novel to the approach reported in the present paper. Anyway, for the sake of completeness, exactly the same analysis is performed for all the five parameters characterizing each electron density profile.
The following variables are considered as possible controlling factors for each of the fitted parameters: SZA, Sun-Mars distance R in Astronomical Units (AU), F10.7 index recalculated to Mars location taking into account the solar rotation, and magnetic field magnitude B in nanotesla at an altitude of 400 km evaluated using Cain et al. (2003) magnetic field model. The idea is to use a linear regression analysis in order to express the dependences of individual fit parameters on relevant controlling factors. This intrinsically assumes a linear dependence of the fit parameters on the controlling factors. Such a dependence can be, nevertheless, at least roughly achieved by an appropriate transformation of the controlling factors. Specifically, we used a logarithm of Chapman grazing incidence function Ch in place of SZA, one over Sun-Mars distance squared (1∕R 2 ) in place of the Sun-Mars distance, logarithm of F10.7 index in place of F10.7 index, and logarithm of the magnetic field magnitude in place of the magnetic field magnitude. In order to identify relevant controlling factors, a rank correlation analysis is applied. First, it is used to determine the most important factor controlling a given fit parameter. This dependence is then expressed by a linear regression, and absolute values of rank correlations between the remaining controlling factors and fit parameter residuals are evaluated. If any of them is higher than 0.1, the appropriate controlling factor is included in the linear regression analysis on top of the factors considered previously, and all the procedure is repeated. Eventually, the absolute values of all rank correlations between the controlling factors and fit parameters are lower than 0.1. 
Note that the parameters are not all dependent on each controlling factor. For example, only the steepness of the electron density profile at high altitudes and the transition altitude h T , which represent the electron density profile shape above the main layer, depend on the magnetic field magnitude B. This is consistent with the magnetic field magnitude effects close to the peak altitude being negligible (Němec, Morgan, Gurnett, & Andrews, 2016) but indeed important at higher altitudes (Andrews, Edberg, et al., 2015; Flynn et al., 2017) . Additionally, as the Sun-Mars distance R and the F10.7 index recalculated to the Mars location are clearly related to each other, the dependence of some of the parameters ( and h T ) is sufficiently described by only one of them, although they are effectively correlated with both.
The performance of these parameter dependences derived from the linear regression analysis is checked in Figure 7 . It shows the model parameter values (i.e., the parameter values calculated using equations (6)- (10) as a function of the observed parameter values). The blue lines correspond to 1:1 dependences. Figure 7a shows that the suggested parametrization performs very well in case of peak electron density N m , where the correlation coefficient is as high as 0.96. Note that the vertical stripes apparent in the figure are due to the discrete frequencies of the radar sounding. Figures 7b-7d demonstrate that the performance of the parametrization in case of the peak altitude h m , the slope at high altitudes , and the main layer thickness is worse but still quite reasonable. The appropriate correlation coefficients are equal to 0.71, 0.72, and 0.63, respectively. Finally, the parametrization performs rather poorly for the transition altitude h T shown in Figure 7e , where the correlation coefficient between the model and observed values is as low as about 0.27. Unfortunately, no better parametrization was found, as the transition altitude h T is nearly independent on all considered controlling factors. We note that the bimodal distribution apparent in some of the model parameters (in particular h m , but to some extent also and ) is due to a bimodal distribution of Sun-Mars distances at the times of MARSIS measurements. Specifically, most MARSIS electron density profiles included in the analysis were obtained at Sun-Mars distances lower than 1.45 AU (about 36%) or larger than 1.60 AU (about 58%). This results in a bimodal distribution also in the F10.7 index recalculated to the Mars location.
Having found the empirical relations that allow us to evaluate, separately for each electron density profile, the model values of profile parameters N m , h m , , , and h T , we have in principle constructed an empirical model of ionospheric electron densities. The performance of this empirical model is investigated in Figures 8a and 8b . The total data set of 16,044 electron density profiles is used for the comparison, that is, also the profiles with originally not so good fits are included, necessarily somewhat increasing the scatter. Figure 8a shows a distribution of the ratios between observed and model electron densities (abscissa) as a function of the altitude above the peak altitude (ordinate). In order to allow for a representation as a function of the altitude relative to the peak altitude, we have considered the exact value of the peak altitude (Němec, Morgan, Gurnett, & Andrews, 2016) , that is, only the peak electron density N m and the profile shape parameters , , and h T were determined based on empirical relations (6) and (8)- (10). The format of the figure is the same as that of Figure 4 . The white vertical-dashed line corresponds to the 1:1 dependence, that is, to a situation of an ideal model performance. The scatter of the observed density ratios increases toward higher altitudes, but, importantly, the median value of the density ratio remains rather close to 1 all over the analyzed altitudinal range. The deviations at the highest analyzed altitudes are typically within about ±1.5 dB, that is, within about 30-40%. A histogram of the differences between the observed and model peak altitudes is shown in Figure 8b . The vertical-dashed lines correspond to 0.25 quartile, median, and 0.75 quartile, left to right, respectively. It can be seen that the peak altitudes are typically within about 5 km from the observed ones.
For the sake of comparison, the same analysis method was used to verify the performance of the formerly developed empirical model (Němec et al., 2011; Němec, Morgan, Gurnett, & Andrews, 2016) in Figures 8c  and 8d . It can be seen that the density ratio scatter of this model is somewhat larger than that of the recently suggested model, and, moreover, it exhibits a systematic bias toward higher model electron densities at high altitudes, consistent with the findings by Vogt et al. (2016) . This possibly partly stems from the model formulation, but it is definitely also related to the old inversion method used for obtaining electron density profiles for this model, as will be discussed more in detail in section 7.
Comparison With Other Data Sets
Having constructed the empirical model of the topside ionospheric densities based on the MARSIS radar sounding data set, it is of interest to compare its results with other available electron density measurements. This is particularly important as the evaluation of electron density profiles from the MARSIS radar sounding has to rely on additional assumptions and empirical profile shapes at higher altitudes Němec et al., 2017) . A comparison of the model performance with local electron densities evaluated based on electron plasma oscillations excited by MARSIS (Duru et al., 2008 ) is shown in Figure 9 . For each local electron density measurement, we used equations (6)-(10) to get the model parameters N m , h m , , , and h T and calculated the model electron density at the spacecraft altitude. Figure 9a then shows the model electron densities as a function of measured electron densities for all the analyzed local electron density measurements. Number of data points in each 0.1 × 0.1 log cm −3 bin is color coded according to the color scale on the right-hand side. The black/white diagonal-dashed line corresponds to a 1:1 dependence. It can be seen that although the scatter of the data points is rather large, most of them occur reasonably close to the line. One can see that, occasionally, the measured electron densities are significantly lower than the model electron densities. In fact, although electron densities on the order of 10 cm
are at times observed, model electron densities do not get below about 10 3 cm −3 . This behavior is related to the distribution of electron densities at the considered altitudes and to the fact that the model attempts to describe a typical situation, that is, it ultimately fails at describing extreme electron density values. Additionally, the MARSIS radar sounding assumes the density to monotonically increase with decreasing altitude, and, given the data gap at low sounding frequencies, it effectively detects the first high density value. It is thus unable to see density inhomogeneities and turbulence-like fluctuations common at higher altitudes Gurnett et al., 2010) , providing us with a typical density value which is often larger than the real one because the MARSIS signal reflects off the largest density in the region.
The correlation between the model and observed electron densities is about 0.50. We note, however, that all the MARSIS local electron densities included in the analysis were measured in a narrow altitudinal range between about 275 and 325 km, that is, the otherwise important altitudinal variation of electron densities is effectively quite small in this case. A histogram of the ratios of observed and model electron densities is shown in Figure 9b . The vertical-dashed line shows the median of the distribution, which is equal to about 0.99. We note that the distribution is not entirely symmetric but has a rather long tail toward low density ratios, in agreement with the results depicted in Figures 8a and 9a . Although electron densities locally evaluated from the MARSIS measurements are determined very precisely, the data coverage is limited by the spacecraft periapsis only to altitudes higher than about 275 km. An additional comparison of model and measured electron densities was thus performed with local electron density measurements performed by the LPW instrument on board the MAVEN spacecraft , which samples the altitudes down to about 150 km. Model electron densities as a function of electron densities measured by MAVEN are shown in Figure 10a . The figure uses the same format as Figure 9a . It can be seen that although the model and observed electron densities correlate well, the model electron densities are systematically somewhat larger than those measured. Additionally, similarly to the results obtained for MARSIS locally evaluated electron densities, measured electron densities can be at times by an order of magnitude lower than the model ones, in particular for lower electron densities (higher altitudes). This scatter significantly decreases at higher electron densities (lower altitudes), as might be expected for a more steady photochemically controlled ionosphere. The correlation between the observed and model electron densities is about 0.95. A distribution of the ratios between the measured and model electron densities is shown in Figure 10b . While the MAR-SIS data obtained primarily during the postnoon local time do not allow for such an analysis, there appears to be a systematic difference between MAVEN electron densities measured in the prenoon and postnoon local time sector Fowler et al., 2015; Němec et al., 2017) . We have thus plotted the results obtained for the Mars-centered solar orbital (MSO) local time interval 6-12 hr ("morning") by the blue line, and the results obtained for the MSO local time interval 12-18 hr ("afternoon") by the red line. The blue-and red-dashed vertical lines correspond to the respective median values, being equal to about 0.62 and 0.70.
Finally, we verify the model performance using electron densities obtained by radio occultation measurements. The results of this comparison are shown in Figure 11 . The used format is the same as in Figure 10 . Although radio occultation measurements provide us in principle with entire electron density profiles, their altitudinal extent varies from profile to profile, and using the same comparison procedure as before thus appears reasonable. Figure 11a reveals that the model electron densities are well correlated with measured electron densities (correlation coefficient about 0.95). A distribution of the ratios between the measured and model electron densities depicted in Figure 11b shows that the model densities are typically somewhat larger than the observed electron densities, but the difference is noticeably lower than in the aforementioned case of MAVEN LPW electron density measurements. The median density ratios are about 0.90 and 0.81 during the morning and afternoon local time intervals, respectively. It is noteworthy that the difference between the two local time sectors is opposite as compared to MAVEN LPW electron density measurements.
Discussion
Electron density profiles obtained by the MARSIS topside ionospheric sounding are unique in their coverage, spanning over more than 10 years, and, most importantly, all the altitudes from the spacecraft down to the altitude of the peak electron density. An unfortunate drawback of these data is that, due to the low power radiated by MARSIS at low frequencies, low density parts of electron density profiles (up to about 10 4 cm −3 , see Němec et al., 2010) are not detected by the radar sounding. Additionally, due to the ionospheric trace inversion procedure , the low density (high altitude) part of an electron density profile necessarily affects also the electron density profile at larger densities (lower altitudes). The inversion of MARSIS ionospheric traces is thus intrinsically ambiguous, and different electron density profiles are obtained depending on the assumed electron density profile shape at low densities undetectable by the radar sounding. There are two basic options which allow us to minimize related errors and obtain reliable electron density profiles: (i) A realistic shape of the electron density profile in the region unaccessible by the ionospheric sounding can be employed Němec et al., 2017) . (ii) Only electron density profiles obtained at not too high spacecraft altitudes can be used. The lower the altitude threshold is set, the smaller is the altitudinal region where an electron density profile shape cannot be determined from the sounding but has to be assumed. On the other hand, the number of available electron density profiles decreases accordingly. One thus has to look for a compromise between the precision of the profiles and the amount of available data. The altitude threshold in the present study was set to 425 km, that is, only electron density profiles measured at spacecraft altitudes between 325 and 425 km were considered. Although this is somewhat lower than the altitude threshold formerly considered (Němec et al., 2017) , it still leaves us with more than 15,000 profiles for the analysis, and it appears to be a reasonable choice for our study.
We have followed the procedure developed by Nsumei et al. (2012) for the case of the Earth's ionosphere which involves the usage of the shape function to accurately describe electron density profile shapes above the peak altitude, and we have shown that it can be readily applied to the Martian dayside ionosphere. Consequently, each topside electron density profile can be characterized by only five parameters: peak electron density and altitude, steepness of the profile at high altitudes, main layer thickness, and a transition altitude. The subsequent identification of relevant controlling factors for each of these parameters, and a related linear regression analysis, allowed us to determine empirical relations describing each of the parameters as a function of SZA, F10.7 index, Sun-Mars distance, and crustal magnetic field magnitude. For a given combination of controlling factors, the five parameters describing the electron density profile can be thus readily determined, and these can be, in turn, used to evaluate the electron density profile. We note that while the fitting of individual density profiles is very successful, the subsequent characterization of individual parameters is less successful, possibly suggesting that one parameter can be overcompensated by another one in the model. The form adopted for the shape function allows the equation (2) to be analytically integrated, so that the reconstruction of electron density profiles is computationally very fast and the model can be straightforwardly and easily implemented. The model performance on the MARSIS radar sounding data which were used for its construction is well satisfactory, with the electron density deviations typically within about 1.5 dB (30-40%) and, most importantly, with principally no systematic bias toward lower or larger electron densities. This appears to be a significant improvement as compared to our former empirical model of electron densities in the dayside ionosphere (Němec et al., 2011; Němec, Morgan, Gurnett, & Andrews, 2016) , which when validated using the recent data set appears to systematically overestimate the electron densities. This is likely related to the fact that the model was developed using an older radar sounding data set based on the older version of the trace inversion routine, which was shown to overestimate electron densities due to unrealistic electron density profile shapes assumed in the radar sounding gap region . Moreover, the profile shape in the transition region was in this model determined somewhat arbitrarily, with the transition region possibly assumed to be located too high in altitude and too spatially extended, again resulting in the overestimation of model electron densities.
A direct comparison of F10.7 values obtained for Mars with the total solar irradiance derived using MAVEN EUV measurements revealed that their correlation is as high as about 0.96, justifying the usage of F10.7 index in empirical relations (6)-(10). Additionally, we have assumed that the parameters characterizing the profile shape depend linearly on the envisaged controlling factors. This was necessary in order to simplify the situation by allowing for a linear regression analysis. Although this linear dependence may be at times questionable, it can be more or less justified by a reasonable transformation of the used controlling factors. Additionally, the absolute values of rank correlations between the resulting residuals and all of the considered 10.1029/2018JE005849 controlling factors were lower than 0.1, demonstrating that there are no systematic trends remaining in the data when the suggested parametrization is used.
The validation of the model using independent data sets is particularly important in order to eliminate a possibility of biases stemming from potential problems contained in the original MARSIS radar sounding data set. The electron densities locally evaluated from electron plasma oscillations excited by the MARSIS radar sounding are limited by the spacecraft periapsis to altitudes higher than about 275 km, but they represent arguably the most precise electron density data set available (Duru et al., 2008) . The obtained results show that the median ratio of observed to model electron densities is very close to 1, and there thus appears to be no systematic bias. As for the large scatter of the ratios, this is likely related to intrinsic turbulence-like variability of electron densities Gurnett et al., 2010; Wang et al., 2012) . While model electron densities at the analyzed altitudes (<325 km) are principally always larger than about 10 3 cm −3 , in agreement with formerly reported statistical results (Andrews, Edberg, et al., 2015; Duru et al., 2008; Němec et al., 2011) , the observed electron densities may be as low as ≈10 cm −3 . This electron density variability, spanning-under apparently principally the same conditions-over several orders of magnitude is, in particular at higher altitudes, quite striking Gurnett et al., 2010) and nearly impossible to incorporate in the model.
Model electron densities correlate well with electron densities measured by the LPW instrument on board the MAVEN spacecraft. The aforementioned low density tail of the observed electron densities occurs primarily at higher altitudes, where the plasma dynamics is important and in situ measured electron densities can be often significantly lower than the model ones. This is understandable since both the model and the trace inversion assume the density to monotonically increase with decreasing altitude, while in situ measurements can observe density fluctuations and layering of the ionosphere. Consequently, the wave group velocity used in the trace inversion may be underestimated, resulting in a possible overestimation of calculated corrected altitudes. Overall, MAVEN LPW electron densities are systematically lower than the model electron densities, typically by about 30-40%. A comparable median electron density difference of about 27% was reported by Němec et al. (2017) for the four Mars Express-MAVEN conjunction events (within 5
• SZA interval and within 1 hr) they analyzed, suggesting that it is likely an instrumental issue rather than the problem of the model formulation itself. A comparison of model electron densities with electron densities obtained by radio occultation measurements reveals that radio occultation measurements are somewhere in the middle, being typically lower than the model electron densities by only about 10-20%. Taking into account that the model results agree well with the electron densities locally evaluated by MARSIS at altitudes above about 275 km, and considering that these are possibly precise to within about 2% (Duru et al., 2008) , our results would suggest that the model densities at high altitudes are likely unbiased. The apparent overall overestimation of model electron densities might be then possibly partly related to the aforementioned trace inversion issues. The noticeably lower MAVEN LPW electron densities observed over the entire analyzed altitudinal range could indicate that the problem might be also on the side of LPW electron density measurements. However, one needs to consider that the time interval covered by the MAVEN LPW electron density measurements is quite different than the time interval covered by the MARSIS radar sounding data used to construct the model. This means that MAVEN typically sampled the ionosphere under different solar wind parameters, which may possibly have a significant influence unaccounted for in our model formulation (Sánchez-Cano et al., 2015) . Finally, the used radio occultation measurements are significantly limited in SZA, covering principally the very edge of the SZA interval considered in the model formulation. A deteriorated model performance for such extreme parameters may be expected.
Conclusions
We used more than 10 years of data obtained by the MARSIS radar sounder on board the Mars Express spacecraft to construct an empirical model of the Martian topside ionosphere at SZAs lower than 80
• . The analysis was limited to the altitudes lower than 325 km, where the electron densities are large enough to be adequately measured by the MARSIS radar sounding. Altogether, 16,044 electron density profiles obtained at spacecraft altitudes lower than 425 km and SZAs lower than 80
• were included in the analysis. An improved trace inversion method was applied to obtain the most reliable electron density profiles available. We have shown that each of the measured electron density profiles can be accurately characterized by five parameters: the peak electron density and peak altitude, steepness at high altitudes , main layer thickness , and transition altitude h T . We further investigated how these parameters vary with relevant controlling factors, revealing their statistical dependences. MAVEN EUV data were used to show that the solar ionizing flux can be accurately approximated by the F10.7 index when taking into account the solar rotation. The obtained dependences represent a formulation of a simple and readily usable empirical model of electron densities in the Martian dayside upper ionosphere. The performance of this model was tested using three independent data sets: (i) electron densities locally evaluated based on plasma oscillations excited by the MARSIS radar sounding, (ii) electron densities measured in situ by the LPW instrument on board the MAVEN spacecraft, and (iii) electron densities obtained by radio occultation measurements. The electron densities measured by MAVEN are systematically lower than those predicted by the model, in agreement with formerly analyzed conjunction events (Němec et al., 2017) . Overall, the model appears to express main electron density trends and to perform reasonably well.
